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For a variety of molecules and earth materials, the theoretical local kinetic energy density,G(r c), increases
and the local potential energy density,V(r c), decreases as the M-O bond lengths (M) first- and second-row
metal atoms bonded to O) decrease and the electron density,F(r c), accumulates at the bond critical points,r c.
Despite the claim that the local kinetic energy density per electronic charge,G(r c)/F(r c), classifies bonded
interactions as shared interactions when less than unity and closed-shell when greater, the ratio was found to
increase from 0.5 to 2.5 au as the local electronic energy density,H(r c) ) G(r c) + V(r c), decreases and
becomes progressively more negative. The ratio appears to be a measure of the character of a given M-O
bonded interaction, the greater the ratio, the larger the value ofF(r c), the smaller the coordination number of
the M atom and the more shared the bonded interaction.H(r c)/F(r c) versusG(r c)/F(r c) scatter diagrams
categorize the M-O bonded interactions into domains with the local electronic energy density per electron
charge,H(r c)/F(r c), tending to decrease as the electronegativity differences for the bonded pairs of atoms
decrease. The values ofG(r c) andV(r c), estimated with a gradient-corrected electron gas theory expression
and the local virial theorem, are in good agreement with theoretical values, particularly for the bonded
interactions involving second-row M atoms. The agreement is poorer for shared C-O and N-O bonded
interactions.

Introduction

During the latter part of the last century, two important
strategies were forged for studying and classifying the bonded
interactions of a material in terms of the bond critical point
and the local density properties displayed by an electron density
distribution, F(r ). The one proposed by Bader and Esse´n1 is
based on the accumulation of the electron density,F(r c), and
the sign and magnitude of the Laplacian,∇2F(r c) ) 4(2G(r c)
+ V(r c)), at the bond critical point,r c, of a bonded interaction
where the local kinetic energy density,G(r c), is always positive
and the local potential energy density,V(r c), is always negative.
When |V(r c)| > 2G(r c) such that∇2F(r c) is negative and the
value ofF(rc) is relatively large, a shared interaction is indicated,
but when 2G(r c) > |V(r c)| such that∇2F(r c) is positive, an
interaction is indicated to be either intermediate or closed-shell,
depending on the proximity ofrc to the∇2F(r ) ) 0 nodal surface
of the Laplacian. Whenr c is distant from the surface, the
interaction is indicated to be closed-shell, but when it is in close
proximity, the interaction is indicated to be intermediate in
character, such that the closer thatr c is to the surface, the more
shared the interaction.

The second classification, proposed by Cremer and Kraka,2

is also based on the accumulation of the electron density atr c,
but rather than being based on the sign of∇2F(r c), it is based
on the sign of the local electronic energy density,H(r c) ) G(r c)
+ V(r c). When|V(r c)| > G(r c) andH(r c) is negative, the bonded
interaction is indicated to be shared, but whenG(r c) > |V(r c)|
andH(r c) is positive, the interaction is indicated to be closed-
shell. In general, the larger the value of|V(r c)| and the more
negative the value ofH(r c), the more shared the bonded
interaction and the greater the stabilization of the structure. Both
strategies have been used with varying degrees of success but
neither has been found to be universal in its application.

Early this century, a third classification by Espinosa et al.3

was proposed on the basis of the bond degree|V(r c)|/G(r c) ratio
rather than on∇2F(r c) andH(r c) individually. It was assumed,
as asserted by Cremer and Kraka,2 that an interaction is closed-
shell whenH(r c) g 0 and that it is shared when∇2F(r c) e 0, as
asserted by Bader and Esse´n.1 For the case whereH(r c) ) 0,
G(r c) + V(r c) ) 0 and for the case where∇2F(r c) ) 0, 2G(r c)
+ V(r c) ) 0, the two equalities|V(r c)|/G(r c) ) 1 and|V(r c)|/
G(r c) ) 2 each hold, respectively. With these equalities, a
bonded interaction is indicated to be closed-shell when the ratio
|V(rc)|/G(rc) < 1, shared when|V(rc)|/G(rc) > 2, and intermedi-
ate when the ratio falls in the range between 1 and 2.

A survey of the literature shows that all three classifications
have the merits of being straightforward, easy to apply, and
useful in advancing our understanding of the bonded interactions
for a variety of materials.4 The Bader and Esse´n1 classification
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does an adequate job evaluating and classifying the bonded
interactions particularly for a wide range of diatomic molecules
and materials consisting of first-row atoms but, as discussed
below, it may be inadequate for the classification of transition-
metal-bonded interactions.5-9 There may also be a problem
when the bond critical point,r c, is located in close proximity
with the nodal surface of∇2F(r ) where∇(∇2F(r )) may be large
to the extent that the inaccuracy of the determination of∇2F-
(r c) is potentially large.10

The Cremer and Kraka2 classification considers a bonded
interaction as either closed-shell or shared, but it does not
provide a classification for bonded interactions of intermediate
character. Nonetheless, for a given shared bonded interaction,
H(r c) is indicated to be negative and to decrease in a regular
way with increasing shared character and, as such, can provide
a straightforward and adequate method for determining whether
a given bonded interaction has a greater component of shared
character than another.

Although new and not thoroughly tested, the|V(r c)|/G(r c)
ratio3 has provided an adequate classification for a variety of
M-X (X ) O, F) and M-M bonded interactions,11,12 but as
discussed in more detail below, it does not appear to manifest
a change in the character of a bonded interaction as the
coordination number and the net atomic charge conferred on a
bonded atom decrease and asF(r c) increases in value.13

In the current study, the three classifications together with
the ratiosG(r c)/F(r c) and H(r c)/F(r c) will be examined for a
relatively large number of non-transition-metal oxygen M-O
bonded interactions in terms of their experimental and theoretical
bond lengths. For reasons that are not entirely clear, it is
generally accepted that the local kinetic energy per electronic
charge,G(r c)/F(r c), is less than unity for shared interactions and
greater than unity for closed-shell interactions.1,8,14 However,
for a large number of earth materials and several molecules, a
connection will be examined between the M-O bond length,
R(M-O), and theG(r c)/F(r c) ratio that suggests that the ratio
actually exceeds unity for several shared bonded interactions
such as the shared triple CtO bonded interaction for the carbon
monoxide molecule.8 A second connection between R(M-O)
and the local electronic energy per electronic charge,H(r c)/F-
(r c), indicates that the ratio may be related to some intrinsic
property such as the electronegativity difference and the shared
character of the bonded M and O atoms.3 Finally, the theoretical
local kinetic and potential energy densities will be compared
with those estimated with an expression on the basis of the
gradient-corrected electron gas theory and the local virial
theorem.

Local Energy Density Properties for Earth Materials and
Molecules. In an exploration of how the local energy density
properties vary with bond length for a variety of M-O bonded
interactions (where the M-atom represents the first-row atom
sequence Be to N and the second-row sequence from Na to S,
each bonded to O), the properties were calculated for molecules
and a large number of earth materials.13 The calculations for
the crystalline earth materials were completed with CRYS-
TAL9815 and TOPOND16 and those for C-O and N-O bond-
bearing molecules were completed with GAUSSIAN98 at the
BLYP/6-311++G(2d,p) level.13 The electron density distribu-
tion for each crystal was computed using Bloch functions
expanded as linear combinations of atomic centered Gaussian
basis sets. Self-consistent field wave functions, solved in
reciprocal space, were computed for each structure at the density
functional theory level, using the local density approximation
for the exchange potential17 and the Vosko-Wilk-Nusair18

parametrization of the correlation potential. Further, the basis
sets used in the calculations, as described in more detail
elsewhere,19,20 were specifically optimized for the atoms
comprising each crystal. The bond critical point and the local
energy density properties for the theoretical electron density
distributions for the crystals were generated with TOPOND,
kindly supplied for our use by Professor Carlo Gatti. Those for
the molecules were generated with software kindly supplied by
Professor Richard Bader.

The results of the calculations embody a range of properties
for each M-O bonded interaction that provide a basis for
exploring how the properties vary with the experimental and
geometry optimized M-O bond lengths and Allen’s spectro-
scopic electronegativity differences,∆ø, for the bonded atoms
M and O.21 An earlier calculation of the bond critical point
properties for many earth materials shows that as the magnitudes
of ∇2F(r c), F(r c), and the three curvatures ofF(r c), λi, each
increase and the bonded radii of the M and O atoms and∆ø
decrease, the M-O bond lengths decrease. As these results have
been reported and examined elsewhere,19,20 they will not be
examined further here.

With the calculated local energy density properties, scatter
diagrams were prepared to explore the connection between
R(M-O) andG(r c), V(r c), G(r c)/F(r c), H(r c)/F(r c), and so forth
to learn whether meaningful connections emerge for a relatively
wide range of M-O bonded interactions that may add to our
understanding of the local energy density properties. In addition,
diagrams forG(r c)/F(r c) versusH(r c)/F(r c) and |V(r c)|/G(r c)
versusH(r c)/F(r c) will be generated to explore how well the
bonded interactions involving different M atoms bonded to O
can be categorized. It will be of interest to learn the extent to
which the ratiosG(r c)/F(r c) and H(r c)/F(r c) categorize the
bonded interactions into discrete classes, for example, and
whether the ratio|V(r c)|/G(r c) classifies the M-O bonded
interactions for non-transition-metal oxides in a self-consistent
way. It will also be of interest to learn whether a connection
exists between the ratiosG(r c)/F(r c) and H(r c)/F(r c) and the
properties of the bonded atoms. Last, we will examine the extent
to which the values for local potential and kinetic energy
densities generated in our calculations match those estimated,
using an expression on the basis of the gradient-corrected
electron gas theory,22 the F(r c) and∇2F(r c) values obtained in
our calculations, and the local virial theorem.

Scatter Diagrams.The local kinetic energy density,G(r c),
evaluated for the earth materials and molecules, is plotted against
R(M-O) Å in Figure 1a. As observed for bothF(r c) and∇2F-
(r c), G(r c) increases nonlinearly along two separate power law
like trends with decreasing bond length, the lower trend in the
figure consists of bonded interactions that involve first-row M
atoms bonded to O and the upper consists of interactions that
involve second-row M atoms bonded to O.19 The increase in
G(r c) with decreasing bond length is expected, given that the
values ofF(r c) and ∇2F(r c) both increase and that∇2F(r c) is
largely positive, particularly for the second-row M atoms. Thus,
as the local kinetic energy of the bonded interactions increases,
F(r ) is progressively accumulated and locally concentrated at
r c. Accordingly, shorter M-O bonds not only embody larger
local kinetic energy density values atr c, but they are indicated
to have more shared character than those with smaller local
kinetic energy density values given thatG(r c) tends to increase
as∆ø21 decreases andF(r ) increases in value.23

On the basis of the local virial theorem, 1/4∇2F(r c) ) 2G(r c)
+ V(r c), Bader14 “anticipated” that the local kinetic energy
density per electronic charge,G(r )/F(r c), is less than unity for
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shared bonded interactions and greater than unity for closed-
shell interactions. TheG(r )/F(r c) ratio is plotted for the M-O
bonded interactions against. R(M-O) in Figure 1b. For each
interaction, the ratio increases linearly with decreasing bond
length. The ratios for the Na-O and Mg-O bonded interactions
are greater than unity and, as expected, classify as closed-shell.
In addition, the ratios for the single C-O and N-O bonded
interactions are less than unity and, as expected, classify as
shared. However, the ratios for the remaining M-O bonded
interactions are greater than unity and classify as closed-shell,
including the double CdO bonded interaction for carbon dioxide
and the triple CtO interaction for carbon monoxide.

For each bonded interaction, asG(r )/F(r c) increases, not only
do the M-O bond lengths decrease but, as expected, the
coordination numbers of the M atoms decrease. The coordination
number of an M atom,νM, denoted by a Roman numerical
superscript, is attached to the atomic symbol for convenience
of discussion. In the case of the B-O bonded interactions, as
G(r )/F(r c) increases in value from∼1.5 to ∼2.0 au, the
coordination numbers of the B atoms comprising the tetrahedral
IVBO4 and triangularIIIBO3 coordinated polyhedra decrease from
4 to 3, respectively, as R(B-O) decreases from 1.45 Å to 1.35
Å. A similar trend holds for the bulk of the remaining bonded
interactions with the lengths of the bonds and the coordination
numbers of the M atoms decreasing asG(r )/F(r c) increases. For
example, as the ratio for the Al-O bonded interaction increases
from ∼1.5 to∼2.0 au, R(Al-O) decreases in succession from
R(VIAl-O) ∼ 1.95 Å to R(VAl-O) ∼ 1.85 Å to R(IVAl-O) ∼
1.75 Å, respectively. In addition, as the ratio increases from
∼1.0 to∼2.7 au, R(Si-O) decreases from R(VISi-O) ∼ 1.75
Å to R(IVSi-O) ∼ 1.62 Å and as the ratio increases from∼0.5
to 2.5 au, R(C-O) decreases from R(IVC-O) ) 1.39 Å to
R(IIIC-O) ) 1.29 Å to R(IIC-O) ) 1.16 Å and to R(IC-O) )
1.12 Å. TheG(r )/F(r c) versus R(C-O) bonded interactions
obtained in the study of several transition-metal carbonyl
clusters8 fall along the R(C-O) versusG(r)/F(rc) trend displayed
in Figure 1b. Accordingly, as the ratio increases in value for a
given bonded interaction, R(M-O) andνM both decrease.

The increase in theG(r )/F(r c) ratio with decreasing R(M-
O) and νM is consistent with the famous Mooser-Pearson24

separation diagrams for MiX j (i, j ) 1-3; M ) Na, Mg, Ca,
Be, etc.; X ) Cl, O, S, C, etc.) normal valence solid-state
materials on the basis of the average principal quantum numbers,

〈n〉, of the valence shells of the bonded atoms and the
electronegativity differences,∆ø, for the bonded pair. It was
assumed that as∆ø and 〈n〉 both increase, the atomic orbitals
comprising a bonded interaction become more poorly developed
and lose their directed properties as the bonded interactions
change from shared to closed-shell. When scatter diagrams of
〈n〉 versus∆ø were prepared, the bonded interactions were
partitioned largely into disjoint domains, populated with struc-
tures with different coordination numbers. The ones with four-
coordinated atoms with more directed shared bonded interactions
were found to consist of atoms with smaller〈n〉 and∆ø values
than those populated with structures with six-coordinated atoms.
Further, those populated with structures with six-coordinate
atoms were found in turn to involve atoms with smaller〈n〉 and
∆ø values than those for structures with eight-coordinate M
atoms. As such, the more open structures with atoms with
smaller coordination numbers such as cubic boron nitride,
IVBIVN, for example, were indicated to consist of shared bonded
pairs of atoms with directed bonded interactions whereas the
more densely packed structures such as cesium chloride,
VIII CsVIII Cl, with larger coordination numbers were indicated
to consist of more poorly directed closed-shell bonded interac-
tions.

In a highly cited follow-up paper on the “ionicity” of the
chemical bond on the basis of dielectric theory, Phillips25

generated a spectroscopic-based “covalent energy gap versus
ionic energy gap” separation diagram for MnX8-n tetrahedrally
coordinated semiconductors and crystals with octahedrally
coordinated rock salt structures that shows that the tetrahedrally
coordinated structures with shorter bond lengths are character-
ized by large “covalent energy gaps” and the octahedrally
coordinated rock salt structures are characterized by large “ionic
energy gaps”. On the basis of〈n〉 versus∆ø and the energy
gap separation diagrams, it was concluded that substantial
“covalent character” favors the formation of less dense open
structures with four-coordinated atoms with well-directed
bonded interactions whereas high ionicity favors the formation
of dense closely packed structures with six-and eight-coodinated
atoms. More recently, the decrease in the bond length with
decreasing coordination number was firmly established for the
M-O bonded interactions for a larger number of oxide materials
by Shannon and Prewitt.26 With these results, the decrease of
R(M-O) andνM with the increasingG(r )/F(r c) ratio displayed

Figure 1. Scatter diagrams of the observed bond lengths, R(M-O) Å, for a relatively large number of earth materials and geometry optimized
bond lengths for molecules with C-O and N-O bonded interactions plotted against (a) the local kinetic energyG(r c) (au) calculated with TOPOND
for the crystals and with EXTREM for the molecules and (b) the ratioG(r c)/F(r c) whereF(r c) is the value of theF(r ) at the bond critical point,r c.
The red circles represent Na-O bonded interactions, the green diamond Mg-O, the blue triangle Al-O, the black square Si-O, the orange
pentagon P-O, the violet hexagon S-O, the dot-centered dark cyan diamond Be-O, the dot-centered olive triangle B-O, the dot-centered navy
square C-O, and the dot-centered purple pentagon N-O.
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in Figure 1b conforms with a trend of increasing shared rather
than increasing closed-shell interaction.27,28

The capacity of theG(r )/F(r c) ratio to categorize the data for
each given bonded interaction into largely disjoint trending
domains (Figure 1b) suggests that the ratio is connected to the
extent to which the shared component of a bonded interaction
is developed. The greater the value of theG(r )/F(r c), the shorter
the bond length, the smaller the value ofνM, the larger the value
of F(r c), the greater the strength of a given bonded interaction,
and the greater the shared component of the bonded interaction.
On the basis of these results, the assumption that the ratioG(r )/
F(r c) is less than unity for shared interactions and greater than
unity for closed-shell interactions does not appear to hold for
the M-O interactions for the earth materials examined in this
study, but the converse appears to hold.

Figure 2a and 2b shows that the local potential energy density,
V(r c), decreases nonlinearly for each bonded interaction with
several nonlinear trends displayed for the bonded interactions
that are shorter than∼1.6 Å. As expected,V(r c) decreases at a
faster rate thanG(r c) increases for all of the bonded interactions
except for the Na-O and Mg-O interactions for whichG(r c)
> |V(rc)|. Unlike the local kinetic energy density, plotting R(M-
O) against the ratioV(r c)/F(r c) results in trends similar to those
displayed by plotting R(M-O) againstV(r c). SinceG(r c) >
|V(r c)| for the Na-O and Mg-O bonded interactions, the
electronic energy density values,H(r c), must necessarily be
positive for these interactions. According to Cremer and Kraka,2

these bonded interactions are indicated to be closed-shell
whereas the remaining bonded interactions with negativeH(r c)
values are indicated to be shared with varying degrees of shared
character. The∇2F(r c) values for all of the bonded interactions
are positive, except for N-O and several C-O interactions.
Indeed,∇ 2F(r c) is positive and increases regularly for second-
row bonded interactions from∼4.5 e/Å5 for the Na-O bonded
interaction to∼ 15 e/Å5 for the S-O interaction as the value
of F(r c) increases from 0.15 e/Å3 to 1.90 e/Å3. Rather than
decreasing and becoming progressively more negative as∆ø
decreases,∇2F(r c) is positive and actually increases in value.29

As asserted by Coppens,6 negative∇2F(r c) values, typical for
shared bonded interactions between first-row bonded atoms, may
not be typical for a shared bonded interaction involving second-
row atoms such as Si bonded to O. However, as the coordination
number of the Si atom decreases from six to four and the Si-O
bond length decreases from 1.76 Å to 1.62 Å forVISiO6 and
IVSiO4 coordination polyhedra, respectively, the distance be-
tween the critical point and the nodal surface decreases from

0.40 Å to 0.15 Å, indicating that the bonded interactions
comprising aIVSiO4 polyhedron is intermediate in character and
that the shared character of Si-O increases as both the
coordination number and bond length decrease.27 In addition,
the net atomic charge (+3.17e) conferred on theIVSi atom in
forsterite, Mg2SiO4, is smaller than that (+3.39 e) conferred
on theVISi atom in silica polymorph stishovite, further evidence
that the shared character for theIVSi-O bonded interaction is
greater than that for theVISi-O bonded interaction.13 The
relationship between the distance betweenr c and the nodal
surface has not been examined to our knowledge for the
remaining second row M-O interactions.

Figure 3a shows that the local electronic energy densityH(r c)
tends to decrease with decreasing M-O bond lengths as
expected from the trends displayed in Figures 1a and 2a and as
calculated for the M-O and M-N bonded interactions for the
molecules studied by Hill et al.,30 Feth et al.,31 and Gibbs et
al.19,32,33The decrease inH(r c) is relatively small for the M-O
bonded interaction involving the more electropositive M atoms
(Figure 3a), but it decreases more rapidly for the interactions
involving the more electronegative atoms. The small positive
H(r c) values for the Na-O and Mg-O interactions can be
explained in terms of the small magnitudes ofG(r c) andV(r c),
both of which approach zero as the bonds adopt lengths of 1.75
Å and longer. As theG(r c) values for the two interactions are
slightly larger than the magnitudes of theirV(r c) values, the
H(r c) values for all three are small and positive, also indicating
that they are closed-shell.2 For the remaining interactions, the
magnitude ofV(r c) exceeds that ofG(r c), with the magnitude
of V(r c) increasing at a substantially faster rate thanG(r c)
increases with decreasing bond length, and henceH(r c) de-
creases substantially with decreasing bond length. For example,
H(r c) decreases from-0.41 au to-0.97 au as the bond lengths
shorten from∼1.40 Å for the single C-O bonded interaction
for the H4CO4 molecule to ∼1.12 Å for the triple CtO
interaction for the CO molecule.

The bonded interactions comprising Figure 3a appear to be
organized in linearly trending domains, particularly for the
interactions involving the more electropositive M atoms. For
example, the Na-O interactions are organized along one, the
Mg-O interactions are organized along a second, the Al-O
interactions are organized along a third, and so on. When R(M-
O) is plotted against theH(r )/F(r c) ratio, the organization of
the bonded interactions into largely disjoint linear domains is
more pronounced (Figure 3b). The fact thatH(r c)/F(r c) can be
used to organize the bonded interactions into such domains, as

Figure 2. Scatter diagrams of the observed bond lengths, R(M-O) Å, for a relatively large number of earth materials and geometry optimized
bond lengths for molecules with C-O and N-O bonded interactions plotted against (a) the local potential energyV(r c), (au) and (b)V(r c)/F(r c).
See Figure 1 legend for a definition of the symbols.
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displayed in Figure 3b, suggests that the ratio is connected to
some intrinsic property of a given bonded interaction such as
∆ø, particularly given that the shared bonded interaction is
indicated to increase asH(r c) decreases and becomes more
negative in value.2,3

With the observation that the ratiosG(r )/F(r c) and H(r )/F-
(r c) can be used to organize the bonded interactions into largely
linear trending domains when plotted against R(M-O), a scatter
diagram ofG(r )/F(rc) versusH(r )/F(rc) was prepared to examine
whether the bonded interactions can be likewise organized into
linear trending domains as displayed in Figure 4. From the
bottom to the top in the figure, R(M-O) andνM both decrease,
F(r c) and λ3 both increase, and the strengths and directed
properties of the bonded interactions are indicated to increase
in each domain as theG(r )/F(r c) ratio increases in value. Albeit
not perfect, the ratioH(r )/F(r c) orders the bonded interactions
into separate linear domains from right to left in the figure as
∆ø decreases.20 With a few exceptions,∆ø decreases from right
to left in the figure in the order Na-O, ∆ø ) 2.74; Mg-O, ∆ø
) 2.32; Al-O, ∆ø ) 2.00; Si-O, ∆ø ) 1.69; B-O, ∆ø )
1.56; P-O, ∆ø ) 1.36; S-O, ∆ø ) 1.02; C-O, ∆ø ) 1.07;
N-O, ∆ø ) 0.54. The N-O bonded interactions display a
strikingly different trend than that displayed by the other

interactions, a feature that may be related to the negative
∇2F(r c) values calculated for the N-O interactions.

As observed above, it was proposed3 that bonded interactions
can be classified on the basis of the|V(r c)|/G(r c) ratio with a
bonded interaction defined as a closed-shell when the ratio
|V(rc)|/G(rc) < 1, shared when|V(rc)|/G(rc) > 2, and intermedi-
ate when the ratio falls between 1 and 2. As the ratio|H(r c)|/
F(r c) appears to be connected to∆ø, a scatter of|V(r c)|/G(r c)
versusH(r c)/F(r c) was prepared (Figure 5).11 The ratios for the
M-O bonded interactions scatter along the diagonal of the
figure as∆ø decreases with decreasingH(rc)/F(rc) with the Na-
O, Be-O, and Mg-O bonded interactions classifying as closed-
shell and the Al-O, Si-O, B-O, and P-O interactions
classifying as intermediate interactions. The C-O bonded
interactions that fall in the intermediate|V(r c)|/G(r c) region
between 1 and 2 are the ones with multiple bonds with|V(r c)|/
G(r c) ratios ranging between 1.66 and 1.97 while the remaining
single C-O bonded interactions with ratios greater than 2
classify as shared. In short, the|V(r c)|/G(r c) ratio indicates that

Figure 3. Scatter diagrams of the observed bond lengths, R(M-O) Å, for a relatively large number of earth materials and geometry optimized
bond lengths for molecules with C-O and N-O bonds plotted against (a) the local electronic energy density,H(r c) (au) whereH(r c) ) G(r c) +
V(r c) (b), H(r c)/F(r c). See Figure 1 legend for a definition of the symbols.

Figure 4. Scatter diagram ofG(r c)/F(r c) vs H(r c)/F(r c) whereG(r c) is
the local kinetic energy density,H(r c) is the local electronic energy
density, andF(r c) is the value ofF(r ) at r c. See Figure 1 legend for a
definition of the symbols.

Figure 5. A scatter diagram of the “bond degree” ratio,|V(r c)|/G(r c)
vs H(r c)/F(r c). According to Espinosa et al.,3 the bonds that fall in the
interval 1< | V(r c)|/G(r c) < 2 are classified as intermediate-bonded
interactions, those in the interval 0< |V(r c)|/ G(r c) e 1 are closed-
shell interactions, and those with 2e |V(r c)|/G(r c) are shared interac-
tions. The coordination numbers of the carbon atoms are specified by
Roman numeral superscripts. For example,IIIC-O denoted the C-O
bonded interaction comprising the CO3 anion in calcite, CaCO3. The
coordination number of the C atom increases with increasing|V(r c)|/
G(r c) vsH(r c)/F(r c). See Figure 1 legend for a definition of the symbols.
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the shared character for the C-O bonded interaction increases
from the tripleICtO bonded interaction for carbon monoxide
to the doubleIICdO interaction for the carbon dioxide molecule
to the single IVC-O interactions in the H4CO4 molecule,
contrary to the trend betweenH(r c), νM, and shared bonded
interaction discussed above. It is also contrary to theσ-orbital
rule that the electronegativity (highest to the lowest electrone-
gativity) decreases in the order sp> sp2 > sp3 with the greater
the percentage of s-character, the larger the electronegativity.21

As the s-character for the tripleICtO bonded interaction
(smaller∆ø) is greater than that for a single C-O interaction,
theσ-orbital rule indicates that theICtO interaction is a more
shared interaction than that for theIVC-O interaction, contrary
to placing of the single-bonded interactions in the shared region
of Figure 5 and placing the triple interaction in the intermediate
region.13,34 On the whole, for the M-O bonded interactions
considered in this study, the ratio|V(r c)|/G(r c) appears to do
an adequate job classifying the bonded interactions involving
the more electropositive M atoms, but it appears to be inadequate
for the bonded interactions involving the more electronegative
M atoms and a variety of coordination numbers.

Expectation Values for Local Energy Density Properties.
Given that almost all recent experimental electron density
analyses report bond critical point properties, to our knowledge,
there is no straightforward way of obtaining the local energy
density properties from an experimental electron density dis-
tribution. However,G(r ) can be estimated with the gradient-
corrected electron gas theory approximation〈G(r )〉 ) (3/
10)(3π2)2/3F5/3(r ) + λ[∇F(r )]2/F(r ) + 1/6∇2F(r ).35 At a bond
critical point where∇F(r ) ) 0, the expression reduces to〈G(r c)〉
) (3/10)(3π2)2/3F5/3(r c) + 1/6∇2F(r c). With the experimental
values forF(r c) and ∇2F(r c), 〈G(r c)〉 can be evaluated at the
bond critical point with varying degrees of success. With〈G(rc)〉
and the local virial equation, an estimate of the local potential
energy density,V(r c), can also be made using the expession
〈V(r c)〉 ) 1/4∇2F(r c) - 2〈G(r c)〉.22 With the estimates of〈V(r c)〉
and 〈G(r c)〉, the ratio |〈V(r c)〉|/〈G(r c)〉, for example, can be
determined. The accuracy with which〈V(r c)〉 and 〈G(r c)〉 can
be determined is highly dependent on the accuracy with which
F(r c) and ∇2F(r c) are determined in a multipole modeling of
F(r ). Further, the estimated values for〈V(r c)〉 and 〈G(r c)〉 will
necessarily reflect model-dependent errors as well as the validity
of the approximation. As observed above, if accurate experi-
mental values forF(r c) and∇2F(r c) are known, then semiquan-
titative to quantitative expectation values,〈G(r c)〉 and 〈V(r c)〉
for G(r c) andV(r c), can be obtained.

The〈G(r c)〉 and〈V(r c)〉 values generated for several diatomic
molecules were found by Abramov22 to agree typically within
∼5%, on average, with those calculated, whereas the agreement
for several hydrocarbon molecules was found to be substantially
poorer, within∼35%. In a later study,F(r ) was calculated in
an evaluation of the bond critical point and the local energy
density properties for∼40 H‚‚‚F closed-shell interactions.36

With the theoretical values forF(r c) and∇2F(r c), the gradient-
corrected electron gas theory approximation and the local virial
expression,〈G(r c)〉, was determined and found to be highly
correlated with the values ofG(r c), closely following the 45°
line with a coefficient of determination of 0.998. With the
electron density distribution generated for Mn2(CO)10, Farrugia
et al.5 found that〈G(r c)〉 and〈V(r c)〉 are also in good agreement
with those calculated at BLYP/6-311+G* level.

In addition, Knop et al.37 geometry optimized the structures
for ∼50 small molecules containing linear or near-linear N-H‚
‚‚N bonded interactions and found that values of〈G(r c)〉,

generated with theF(r c) and∇2F(r c) values for the molecules,
approximateG(r c) very well for the weaker H‚‚‚N interactions
with G(r c) values less than 0.02 au. For the stronger H‚‚‚N
bonded interactions, the values of〈G(rc)〉 likewise correlate with
G(r c) values, but they depart from the 45° line and become
progressively larger asG(r c) increases to 0.06 au beyond which
the trend is lost. Despite that∇F(r ) * 0 in the spatial
intermolecular region, Galvez et al.38 found that the truncated
gradient-corrected electron gas theory approximation can be
reliably used in this region and along the bond paths to generate
accurate estimates of〈G(r c)〉 for (HF)2 and (H2O)2 dimers.
However, as expected, the approximation yielded unreliable
values for those regions in close proximity with the atomic
nuclei where∇F(r ) is typically very large.

Each of these studies lend support to Abramov’s strategy22

for estimating the local energy density properties for a material
with the Galvez et al.38 study demonstrating the usefulness of
〈G(r c)〉 for studies of intermolecular interactions in terms ofF-
(r) and∇2F(r). Further, in the case whererc is in close proximity
or intersects the∇2F(r c) nodal plane at a point where∇(∇2F-
(r )) is very large, for example, as reported for theICtO bonded
interaction in carbon monoxide,8 the determination of∇2F(r c)
can result in a substantial error. As such, the determination of
〈G(r c)〉 and 〈V(r c)〉 may be necessarily inaccurate. Further, if
the position ofr c is not located accurately in a theoretical study,
the errors in the expectation values may also be large.12 Also,
a large error in∇2F(r c) can lead to an unsatisfactory classifica-
tion of a bonded interaction on the basis of the value ofH(r c),
for example.

In a determination of how well the expectation values,〈G(r c)〉
and〈V(rc)〉, obtained with the theoreticalF(rc) and∇2F(rc) values
generated in this study reproduceG(r c) andV(r c), respectively,
Figure 6 was constructed. The agreement between the expecta-
tion and the theoretical values for the second-row M-O bond
interactions displayed in Figures 1a and 2a is good. On the other
hand, the agreement is poorer for the stronger first-row shared
C-O and N-O bonded interactions. Abramov22 likewise found
poorer agreement for the stronger shared bonded interactions
for the hydrocarbons. Likewise, as observed above, Knop et
al.37 found poorer agreement for the stronger H‚‚‚N bonded
interactions. Despite the potential problem encountered in
determining the Laplacian for carbon monoxide, the values
〈G(r c)〉 and〈V(r c)〉 obtained in this study are in reasonably good
agreement with the theoreticalG(r c) andV(r c) values, particu-
larly for the second-row M-O bonds.

To establish how well the〈G(r c)〉 and〈V(r c)〉 data reproduce
the trends in Figures 1b and 4, the ratios〈G(r c)〉/F(r c) and
〈H(r c)〉/F(r c) were calculated and plotted in Figure 7a and 7b,
respectively. The scatter of the bonded interaction data in Figure
1b and Figure 4 is similar to that displayed in Figure 7b and
7a, respectively. The linear trends for the second-row bonds
are likewise strikingly similar with those displayed by the
theoretical data. As expected, the trends displayed by the C-O,
and particularly by the N-O bonded interaction data in the two
figures, differ somewhat from the theoretical trends. All in all,
it is clear that the Abramov22 use of the local kinetic energy
density estimate provides quantitative estimates of G(r c),
particularly for second-row M-O and the B-O bonded
interactions, but a less quantitative estimate for first-row N-O
and C-O bonded interactions, both of which display negative
∇2F(r c) values.

Concluding Remarks

The Bader-Essén1 strategy for classifying bonded interactions
not only has the merits of being relatively simple and straight-
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forward, but it has been used with considerable success in
advancing our understanding of the bonded interactions for a
wide range of materials. However, for materials with 3d
transition-metal atoms, the strategy has been found to be
inadequate in the classification of the bonded interactions
because the valence shell charge concentrations ofF(r ) are often
poorly developed and the signs of∇2F(r c) are largely indeter-
minate,9 indicating that they may well represent a separate class
of bonded interactions.39

The strategy based on the bond index|V(r c)|/G(r c) ratio3 has
been found to be a useful and adequate strategy for a variety of
bonded interactions with closed-shell, shared, and transition-
metal atom interactions. For example, Bianchi et al.40 and
Gervasio et al.41 observed that the ratio seems to provide a
powerful strategy for characterizing and classifying a variety
of interactions, including metal-metal interactions.Yet, as
observed above, the ratio does not appear to manifest changes
in the M-O interactions related to changes in the coordination
number and the net atomic charges of the M atoms.

Of the three classifications, the use of the sign and magnitude
of H(rc) appears to be adequate for classifying the M-O bonded
interactions for earth materials. Unlike the|V(r c)|/G(r c) ratio,
H(r c) seems to provide a more consistent measure of how the
character of the interactions changes with the coordination
number and the net charges of the bonded atoms.12 It even
provides a classification of transition metal-metal bonds that
is in keeping with the character of the shared bonded interac-

tions. However, it can display a substantial error when estimated
with experimental∇2F(r c) values, but it appears to be the most
universal and adequate of the three classifications at this time.

Finally, the scatter diagram ofG(r c)/F(r c) versusH(r c)/F(r c)
ratio serves to categorize the M-O bonded interactions for the
earth materials examined in this study into linear domains that
appear to be connected to∆ø, the greater the value ofH(r c)/
F(r c), the smaller the value of∆ø. Further, within the domains,
G(r c)/F(r c) increases as R(M-O), νM, andH(r c) each decrease
and F(r c) increases. It will be of interest to see whether
interactions involving transitional-metal atoms bonded to O and
metal-metal interactions can be classified accordingly. How-
ever, as the range in the M-O bond lengths displayed by
transition-metal atoms is typically smaller than those displayed
by non-transition-metal atoms, the R(M-O) versusG(r c)/F(r c)
trends, for example, will likely display a smaller range of
values.26
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